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Understanding the detailed behaviour of superconducting pair breaking photon detectors such
as Kinetic Inductance Detectors requires knowledge of the nonequilibrium quasiparticle energy
distributions. We have previously calculated the steady state distributions resulting from uniform
absorption of monochromatic sub gap and above gap frequency radiation by thin films. In this
work, we use the same methods to calculate the effect of illumination by broadband sources, such
as thermal radiation from astrophysical phenomena or from the readout system. Absorption of
photons at multiple above gap frequencies is shown to not change the structure of the quasiparticle
energy distribution close to the superconducting gap. Hence for typical absorbed powers, we find
the effects of absorption of broadband pair breaking radiation can simply be considered as the
sum of the effects of absorption of many monochromatic sources. Distribution averaged quantities,
like quasiparticle generation efficiency η, match exactly a weighted average over the bandwidth of
the source of calculations assuming a monochromatic source. For sub gap frequencies, however,
distributing the absorbed power across multiple frequencies does change the low energy quasiparticle
distribution. For moderate and high absorbed powers, this results in a significantly larger η – a
higher number of excess quasiparticles for a broadband source compared to a monochromatic source
of equal total absorbed power. Typically in KIDs the microwave power absorbed has a very narrow
bandwidth, but in devices with broad resonance characteristics (low quality factors), this increase in
η may be measurable.
PACS numbers: 74.40.Gh, 74.78.-w, 29.40.-n, 74.25.N-
I. INTRODUCTION
Kinetic Inductance Detectors1,2 (KIDs) and related su-
perconducting resonator based devices3 have become key
technologies in photon sensing and quantum computa-
tion.4 Absorbed photons can break Cooper pairs creating
excess quasiparticles in a superconducting thin film. The
detailed quasiparticle energy distribution determines the
superconductor’s electrical5 and thermal6 properties, so
in recent work we have developed a framework to cal-
culate the steady state quasiparticle and phonon energy
distributions in illuminated thin films.7–9
Due to their low noise and frequency range, KIDs are
being developed for measurements of signals such as the
Cosmic Microwave Background (CMB),1,10 which peaks
at 160 GHz. As well as being close to the gap frequency
of typical low critical temperature superconductors, the
detected CMB signal, even if limited by atmospheric win-
dows, is broadband – perhaps 30% bandwidth. KIDs may
also experience broadband above gap illumination due to
background loading, and broadband sub gap illumination
due to thermal noise in the readout line. An implicit
assumption of existing models is that the response to
broadband absorbed power is not different from the re-
sponse to illumination at a single frequency, but to our
knowledge no previous work investigates or quantifies this
claim.
Our calculations thus far have included one monochro-
matic sub gap source and one monochromatic above gap
source. These calculations have shown that absorbed sub
gap microwave radiation can also increase the excess quasi-
particle population despite not directly breaking pairs.7
The effect of both separate and simultaneous absorption
of above gap (pair breaking) radiation has also been quan-
tified, including calculating the quasiparticle generation
efficiency η, which we define as the fraction of absorbed
power which creates excess low energy quasiparticles. We
have shown η to be frequency dependent, particularly near
the superconducting gap frequency 2∆/h, where ∆ is the
energy gap. Using these results, we have been able to in-
clude quasiparticle heating and nonequilibrium effects in
device models.11 Experimental measurements have shown
excess quasiparticles due to microwave power12 and, for
frequencies close to the gap frequency, a frequency de-
pendent detector response to above gap radiation13 in
agreement with calculations.
For a thermal radiation source, the quasiparticle tem-
perature must approach an equilibrium determined by the
effective thermal conductance associated with the electron-
phonon interaction and phonon escape time. Here we
instead consider sources with finite bandwidth illuminat-
ing Al thin films and driving the quasiparticle energy
distribution to a nonequilibrium steady state. A typical
CMB signal frequency of 175 GHz is 4∆/h, so we consider
above gap sources with centre frequencies νs of 2∆/h
to 10∆/h and bandwidths δνs up to 8∆/h. We also in-
clude sub gap sources at typical readout frequencies νp
for microwave KIDs of 4 GHz (0.09∆/h) to 8 GHz, with
bandwidths δνp as multiples of our numerical energy bin
width of 0.005∆ (0.2 GHz× h). However our work here
is independent of material and device design, as we have
shown that when the parameters to our model are scaled
appropriately (energies by ∆, temperatures by Tc), the
results are material independent.9 We then compare the
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2nonequilibrium distributions to results for a monochro-
matic source of the same total absorbed power, seeking
any changes to distribution-averaged quantities such as η
introduced by the broadband nature of the source.
II. METHODS
The steady state nonequilibrium quasiparticle and
phonon distributions were calculated by solving the Chang
and Scalapino nonlinear kinetic equations,14,15 which
describe the rates of change of the quasiparticle and
phonon distributions due to electron-phonon interactions
in bulk superconductors, in an energy conserving way
using Newton-Raphson iteration. This method assumes
BCS theory applies, in particular that weak coupling
holds, for the clean, thin (40 nm < d < 500 nm) supercon-
ducting films typical of KIDs. Based on the measured
properties of our own sputtered films, we estimate that
electron-phonon interactions are dominant over electron-
electron interactions for the relevant quasiparticle energies
(3∆ to ∼ 20∆) and commonly used low-Tc superconduc-
tors Al, Mo, Ta, Nb, and NbN.8,9 Our calculation fixes
the superconducting energy gap ∆ = ∆(Tb) as constant
(Tb is the substrate or bath temperature), which we find
to be a valid approximation for the absorbed powers and
low reduced temperatures (Tb  Tc, typically Tb ∼ 0.1Tc,
where Tc is the superconductor critical temperature) con-
sidered.12 Further details of the method are given in Refs.
7–9.
If the superconducting thin film uniformly absorbs a
constant flux of photons at a frequency ν, we include
in the Chang and Scalapino equations a quasiparticle
injection term Iqp(E) = BKqp(E, ν),
7,16 where the pref-
actor B normalises the total power absorbed. Kqp(E, ν)
is the drive term describing relative rates of quasipar-
ticle generation as a function of quasiparticle energy E
given absorption of photons of frequency ν. It is given by
Kp(E, ν) for ν ≤ 2∆ and Ks(E, ν) for ν > 2∆, where
Kp(E, ν) = 2
[
ρ(E + hν)
(
1 +
∆2
E(E + hν)
)
× (f(E + hν)− f(E))
− ρ(E − hν)
(
1 +
∆2
E(E − hν)
)
× (f(E)− f(E − hν)) ]
(1)
Ks(E, ν) = Kp(E, ν) + 2ρ(hν − E)
(
1− ∆
2
E(hν − E)
)
× (1− f(E)− f(hν − E)) .
(2)
Here ρ(E) is the broadened BCS quasiparticle density
of states,3,8 and f(E) is the (possibly nonequilibrium)
quasiparticle energy distribution at energy E. The final
term in (2) is only nonzero if hν > 2∆, differentiating the
drive term representing absorption of signal (above gap
frequency) photons Ks(E, ν) from the term (1) represent-
ing absorption of probe or readout (sub gap frequency)
photons Kp(E, ν).
A broadband photon source with a fixed bandwidth was
included by modifying the quasiparticle injection term to
sum over the frequency range of interest. For a supercon-
ductor absorbing photons with frequencies ν1 . . . νN , the
quasiparticle injection term Iqp(E) was included as
Iqp(E) = B
N∑
i=1
wiKqp(E, νi) , (3)
where Kqp(E, νi) is either Ks or Kp as in (1) and (2),
and wi is a weighting factor adjusting the fraction of
total power absorbed from photons of frequency νi. All
frequencies included were required to align with specific
energy bins in our discretisation scheme.9
The weighting factor wi can in principle be any function
of frequency, to force the power absorbed at each frequency
P (νi) given by
P (νi) = 4N(0)Bwi
∫ ∞
E=∆
Eρ(E)Kqp(E, νi) dE , (4)
to have the desired frequency dependence. Only the
relative values of wi are important, as the prefactor B
scales the expression to ensure the calculated absorbed
power equals the specified absorbed power. Here we
specified the absorbed power to be divided equally among
the frequencies present, by setting the weighting factor to
wi =
(∫ ∞
E=∆
Eρ(E)Kqp(E, νi) dE
)−1
, (5)
ensuring P (νi) had no frequency dependence. The nu-
merical method solves for the values of B, quasiparticle
energy distribution f(E), and phonon energy distribution
which conserve energy such that
∑
i P (νi), quasiparticle-
phonon energy flow, and phonon escape to substrate all
equal the total specified absorbed power P .
The quasiparticle injection term Iqp represents the con-
tribution to df(E)/dt due to quasiparticle-photon interac-
tions; for the rate of change of number of quasiparticles at
a given energy we need dNqp(E)/dt ∝ ρ(E) df(E)/dt.
Figure 1 compares this contribution to quasiparticle
number change from the broadband signal drive term
(ρ(E)
∑
iKs(E, νi), hν1 = 4∆, hνN = 6∆, bin width =
0.01∆, solid blue) to ρ(E)Ks(E, 5∆/h) (dashed green), as-
suming a thermal quasiparticle distribution at T = 0.1Tc.
Terms Ks(E, ν) representing absorption of above gap pho-
tons by a thermal quasiparticle distribution have a low
energy peak at energy E = ∆ whose position is indepen-
dent of frequency, and a higher energy peak at E = hν−∆
whose position is dependent on frequency. Therefore, the
low energy structure of Ks in the broadband case is the
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Figure 1. Sum of signal (pair breaking, above gap frequency)
photon drive terms describing relative rate of generation of
quasiparticles Ks as a function of quasiparticle energy E,
scaled by the quasiparticle density of states ρ(E), in the broad-
band frequency (solid blue) and monochromatic (dashed green)
case. Both assume absorption by a thermal quasiparticle dis-
tribution in Al at T = 0.1Tc. Broadband signal includes
frequencies spaced by 0.01∆ from 4∆ to 6∆; monochromatic
signal is at hνs = 5∆.
same as in the single frequency case, while the high en-
ergy structure is spread out over the range of frequencies
absorbed into a step-like feature.
Figure 2 compares the similar contribution to quasi-
particle number change from a broadband readout drive
term (
∑
iKp(E, νi), hν1 = 0.09∆, hνN = 0.18∆, bin
width 0.005∆, solid blue) to Kp(E, 0.135∆/h) (dashed
green), again assuming a thermal quasiparticle distribu-
tion at T = 0.1Tc. Changing from the monochromatic to
a broadband source, the sharp peak at E = ∆ + hνp is
now spread out into a broad peak over the bandwidth of
the source. Significantly the changes in Kqp(E) are at a
much lower energy (E ∼ ∆ + hνp) than in the above gap
case (E ∼ hνs −∆).
Once the quasiparticle energy distribution is calculated,
we identify the quasiparticle generation efficiency η as the
appropriate measure of the change in overall quasiparticle
number due to the absorbed power. By solving a modified
set of Rothwarf-Taylor equations17 we find
η =
〈
Eqp
〉 (N2 −N2t )
Pabs
2R
1 + βτl
, (6)
where
〈
Eqp
〉
is the average energy of the excess quasipar-
ticles, usually ∼ ∆; N is the total quasiparticle number
for the driven distribution; Nt is the number of quasi-
particles in the equilibrium distribution, Pabs is the ab-
sorbed power; R and β are the distribution averaged
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Figure 2. Sum of readout (sub gap frequency) photon drive
terms describing relative rate of generation of quasiparticles
Kp as a function of quasiparticle energy E, scaled by the quasi-
particle density of states ρ(E), in the broadband frequency
(solid blue) and monochromatic (dashed green) case. Both as-
sume absorption by a thermal quasiparticle distribution in Al
at T = 0.1Tc. Broadband readout includes frequencies spaced
by 0.005∆ from 0.09∆ to 0.18∆; monochromatic readout is at
0.135∆.
quasiparticle recombination and phonon pair breaking
rates respectively;14,18 and τl is the phonon escape time
from the thin film into the substrate, given as a ratio to
the characteristic phonon lifetime,18 τφ0 . Along with the
appropriate material dependent constant Σs, once known,
η can be used to calculate changes in total quasiparti-
cle number (or effective temperature) due to absorbed
power, and thereby include nonequilibrium heating ef-
fects in higher level device models without full calculation
of the quasiparticle distributions.7,9 By itself, it can be
considered as the proportion of absorbed power which
supports the population of detectable excess low-energy
quasiparticles. The remaining absorbed power is lost to
the substrate as escaped phonons without contributing to
increased quasiparticle number. For a detector, after any
electromagnetic absorption efficiencies are considered, a
larger η corresponds to a greater efficiency in measuring
absorbed power.
III. RESULTS
A. Pair breaking (above gap frequency) photons
Using the quasiparticle injection term (3), we are able
to calculate steady state quasiparticle and phonon distri-
butions for thin films uniformly absorbing photons over a
range of frequencies. Figure 3 shows the calculated steady
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Figure 3. Steady state quasiparticle distribution f(E) under
illumination by monochromatic (dashed green) or broadband
(solid blue) signal photons. Calculated for Al, with Pp = 0,
Ps = 2 W m
−3, τl/τ
φ
0 = 1 and Tb/Tc = 0.1.
state quasiparticle energy distribution f(E) in the cases
of absorbed pair breaking (above gap frequency) photons.
For a monochromatic source (dashed green), the distribu-
tion has peaks at hν −∆ and hν + ∆. For a broadband
source (solid blue), these are instead extended over the
bandwidth of the source into a step, however f(E) near
the superconducting energy gap ∆ is unchanged.
Distribution-averaged quantities are largely determined
by the low energy f(E), close to the superconducting gap,
due to the quasiparticle density of states peak at E = ∆
and the exponential nature of the Fermi distribution. As
a broadband above gap source does not introduce any
new structure to the low energy f(E) in comparison to a
monochromatic source, quantities such as quasiparticle
number and lifetime for thin films absorbing broadband
pair breaking signals can be calculated by averaging (over
the bandwidth of the source) the same quantities calcu-
lated for a monochromatic source of equal power.
Figure 4 shows the calculated quasiparticle generation
efficiency η. In the single frequency case (blue ×), the
frequency dependence of η shows a maximum of unity at
hνs = 2∆, a local minimum at hνs = 4∆, followed by an
increase dependent on the phonon trapping factor.8 When
instead including a broadband source, the broadband η
matches an average of the monochromatic η over the
bandwidth of the source, smoothing out the minimum at
hνs = 4∆.
Figure 5 shows that η varies with signal bandwidth
only if that bandwidth covers the significant features in
the frequency dependence of η, i.e. hνs = 2∆ . . . 6∆.
Little dependence on bandwidth is shown at high fre-
quencies (hνs ≥ 10∆), where η is relatively constant with
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Figure 4. Quasiparticle generation efficiency η as a function
of centre signal frequency hνs, with varying bandwidth of
signal hδνs. Calculated for Al, with Pp = 0, Ps = 2 W m
−3,
τl/τ
φ
0 = 10 and Tb/Tc = 0.1.
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Figure 5. Quasiparticle generation efficiency η as a function
of signal bandwidth hδνs, with varying centre frequency hνs.
Calculated for Al, with Pp = 0, Ps = 2 W m
−3, τl/τ
φ
0 = 1 and
Tb/Tc = 0.1.
frequency.
It is the changing surface impedance of the supercon-
ducting resonator of KIDs which is measured when they
are operated as detectors. Nonequilibrium structure in
f(E) near the gap energy can introduce small changes to
the conductivity which cannot be accounted for by simply
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Figure 6. Change in the imaginary part of the superconductor
complex conductivity σ2 at 4 GHz as a function of centre signal
frequency hνs. An average (dashed green) of the monochro-
matic calculation (blue ×) over a bandwidth of 2∆ matches the
full calculation including a broadband signal with bandwidth
2∆ (red ©). Calculated for Al, with Pp = 0, Ps = 2 W m−3,
τl/τ
φ
0 = 10 and Tb/Tc = 0.1.
considering changes in overall quasiparticle number,7,12 so
in principle it would be possible that a broadband source
causes changes in conductivity compared to a monochro-
matic source even though total quasiparticle numbers, and
η, were equal. Here however we have shown the low energy
structure of f(E) is essentially identical when considering
broadband versus monochromatic sources, and therefore
averaging simpler calculations assuming monochromatic
sources over the signal bandwidth is sufficient for calcu-
lating distribution-averaged quantities after broadband
absorption. Figure 6 plots the change in the imaginary
part of the complex conductivity δσ2 when the super-
conductor is illuminated. This was calculated using the
nonequilibrium f(E) in the Mattis-Bardeen equations,5
and is given as a fraction of the normal state conductivity
σn. Comparing the full calculation including a broadband
source (red©) to the moving average over the bandwidth
2∆ (dashed green) of the monochromatic calculation (blue
×) shows excellent agreement.
B. Readout (sub gap frequency) photons
For sub gap photons, figure 7 compares f(E) be-
tween a monochromatic (dashed green) and a broadband
(solid blue) source for moderate absorbed power (Pp =
103 W m−3). Here the f(E) calculated for a monochro-
matic source shows multiple peaks starting at the energy
gap ∆ and separated by hνp = 24µeV = 0.135∆. In the
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Figure 7. Steady state quasiparticle distribution f(E) under
illumination by monochromatic (dashed green) or broadband
(solid blue) readout photons. Calculated for Al, with Pp =
2× 103 W m−3, Ps = 0, τl/τφ0 = 1 and Tb/Tc = 0.1.
broadband case, the inset shows only a small step in f(E)
just above the gap. This significant difference in structure
is explainable by considering that the same total power
is absorbed in both cases, but in the broadband case the
excess quasiparticle population is distributed over the
bandwidth of the signal. We have previously shown that
at high absorbed sub gap powers, the quasiparticle genera-
tion efficiency η of the readout power decreases with power
due to multiple photon absorption.9 In a nonequilibrium
quasiparticle distribution where only a single photon pro-
duced peak is present, the average energy of the excited
quasiparticles is E = ∆ + hνp, and when these quasi-
particles relax back towards the gap energy by emitting
phonons which escape from the thin film, an energy hνp
is lost, resulting in the quasiparticle generation efficiency
η < 1. If multiple peaks in f(E) are present, when these
excited quasiparticles relax back towards the gap, more
energy is lost as phonons and so a lower η (and lower Nqp)
results. Here, due to the reduced power at each frequency
in the broadband case compared to the monochromatic
case, a smaller fraction of energy is lost and there are a
greater number of low energy excess quasiparticles.
The fact that the quasiparticle distribution close to
the gap is different for a broadband source compared
to a monochromatic source, means there is a difference
in distribution averaged quantities, unlike in the above
gap frequency case. Starting at total absorbed powers
sufficient to make multiple photon absorption significant
in f(E) with a monochromatic source, as we increase the
bandwidth we therefore see an increase in η, as the power
absorbed at each frequency decreases. This is shown in
figure 8. The limits approached by η as bandwidth is
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Figure 8. Quasiparticle generation efficiency η as a function
of readout bandwidth ∆hνp, with varying centre frequency.
Calculated for Al, with Pp = 2× 103 W m−3, Ps = 0, τl/τφ0 =
1 and Tb/Tc = 0.1.
increased are equivalent to η0, the low power limits of η
described in Ref. 9.
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Figure 9. Quasiparticle generation efficiency η as a function
of centre readout frequency hνp, with varying bandwidth
of readout. Calculated for Al, with Pp = 2× 10−3 W m−3,
Ps = 0, τl/τ
φ
0 = 1 and Tb/Tc = 0.1.
If the absorbed power is reduced significantly so that
even for a monochromatic source no multiple photon
absorption occurs, the bandwidth dependence of η dis-
appears. Figure 9 shows an expected dependence of η
on centre frequency,9 but no significant variation with
bandwidth.
Typical Al KIDs designed for use in frequency multi-
plexed arrays have resonant frequencies on the order of
4 GHz and quality factors2 of the order of 105. Therefore,
the bandwidth over which microwave absorption is sig-
nificant is 105 kHz or 10−10 eV ∼ 10−6∆, much smaller
than the bandwidths or even energy bin widths consid-
ered in this work. We would therefore not expect devices
in these high-Q resonators to show evidence of the dif-
ference in quasiparticle generation between broadband
and microwave sources. However other applications of
superconducting thin films, where broadband absorption
is possible, may show significantly increased quasipar-
ticle numbers when illuminated by a broadband source
compared to a monochromatic one.
IV. CONCLUSIONS
Existing models of KIDs assume a monochromatic sig-
nal to be detected. However for many relevant KID
applications, the signal (e.g. the CMB), sky noise, and
thermal noise on the readout lines can all illuminate the
detector with broadband radiation at both above gap
and sub gap frequencies. Therefore, we set out to check
the implicit assumption that broadband absorbed power
can be modelled as equivalent to a single tone with equal
total absorbed power. We calculate the steady state
quasiparticle energy distributions in superconducting thin
films under uniform illumination by broadband radiation
sources. When a superconducting thin film is illuminated
by an above gap frequency source, the primary spectrum
of excess quasiparticles generated by the absorbed pho-
tons is at high energies. Occupancy of these high energy
states is low so absorption at multiple frequencies does
not show any new features compared to absorption from
a monochromatic source. We show distribution averaged
quantities such as quasiparticle generation efficiency η
and conductivity are identical to weighted averages (over
the bandwidth of the source) of the corresponding quanti-
ties assuming a monochromatic source of the same total
absorbed power.
In contrast, illumination by a sub gap source involves
the creation of quasiparticles in states near the supercon-
ducting energy gap ∆. For sufficient absorbed powers,
quasiparticles can absorb multiple photons and be excited
to high energies. A broadband source of the same total
power as a monochromatic source has a smaller absorbed
power at each frequency, so multiple photon absorption is
reduced. This results in significantly higher quasiparticle
generation efficiency η for a broadband source compared
to a monochromatic source of the same moderate or high
absorbed power. For very low absorbed powers where
multiple photon absorption is never significant, η is the
same for a broadband source and for a monochromatic
source. A thin film absorbing broadband microwave radi-
ation will have a larger excess quasiparticle population
7than one absorbing the same total power at only one
frequency. Typically KIDs are designed with high quality
factors and have sharp absorption characteristics, so ab-
sorption at a significant range of microwave frequencies
should not occur, but this effect may be noticeable in
other applications of superconducting thin films.
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